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On DOCTOR HALLEY'S SERIES/er .the Calculation of LOGA- 
RITHMS, by the REV. RICHARD MURRAY, D. D. late 
PROVOST of Trinity College near Dublin.*— Read Nov. 16th, xBou 



— — «»e«a>|<^£>t®ffl»»._ 

JL<ORD NEPER was, without difpute,the inventor of logarithms. In 
the year 1614 he publiflied a fketch of his plan, together with forae 
fliort tables of logarithms calculated by himfelf, under the title of miri- 
fici Iogarithmorum canonis defcriptio j and the obvious ufes of the 
fcheme were fo many and great, that the invention was received with 
eagernefs by almoft all the mathematicians in Europe, many of whom 
fet themfelves about improving the hint, and calculating larger tables. 
Of thefe the principal was Mr. Henry Briggs, who went twice into 
Scotland to confult with the inventor ; at which times they agreed upon 
fome alterations to be made in the tables, and fettled the plan of thofe 
logarithms that are the moft convenient of all for ufe, and which are 
known by the name of Vulgar Logarithms ; they are alfo frequently called 
Briggs's Logarithms, becaufe, Lord Neper dying Ihortly after their fecond 
confultation, the whole bufinefs of forming the tables devolved upon 
Briggs. 

A 2 Thefe 

* This eflay was found among the papers, of Doctor Murray, after his death. He had 
drawn it up, fiiortly after his appointment in 1763 to the profefforfirip of mathematics, 
for the inftruftion of his pupils, and much of it therefore is employed in explanations, 
which, had he defigned it for publication in the prefent mode, he would have retrenched j 
but, as the whole is fhort, it has been thought advifeable to give it in its original form. 



Thefe two (Neper and Briggs, whom we may call the firft authors 
of logarithms) ufed two methods in their computations : the one by in- 
volution, or railing the number whofe logarithm they fought to a cer- 
tain power; the other by evolution, or extracting out of it a root the 
denominator of whofe index was fufEciently great ; and this latter they were 
obliged to do by repeated extractions of the fquare root, no eafier method 
being then known. 

But afterwards, when Sir Ifaac Newton's famous binomial theorem 
was made public, Dottor Halley took advantage of that invention, and 
fhewed a method of calculating logarithms by throwing the root re- 
quired (or rather the logarithm derived from it) into a converging feries : 
and this method is as cafy and expeditious as can ever be expe&ed, 
or indeed defired, the law of the feries being obvious, the terms eafily 
reduced to numbers, and a very few of them fufficicnt. 

This difference in the manner of extracting the root makes the prin- 
cipal difference between the methods of finding the logarithms ufed by 
the firft authors and by Halley. 

There are fome properties of thefe roots which are ncceffary to be 
known, and which are obvious enough when the roots are found out 
in Briggs's way, but which require proof when they are found by the 
binomial theorem. Thefe properties are here premifed in the form of 
Lemma's, that the explanation of Halley's' method may not be inter- 
rupted by proving them afterwards. 

Lemma, i. 

" Let c be a proper fraction, and n any whole number confuting of 
many places of figures ; if out of the binomial i +e a root is to be extracted 

whofe index is—, it is required to find the moft fimple feries that fliall 

give that root true to a number of places of decimals lefs by four or 
more than twice the number of places of figures in ?;," 

(A) u 
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* &C. 



(B) i. —e. — <?. —s. ~-2-e. ~-^e. &c. 
(0)!.+ — e. - -!*.• + ^-<?. 3 - -^.* + ~r'- 5 &Ci 

v ' n n 2» 3« 4» 5« 

By multiplying together the terms of the firfl feries above marked A, 
according to the method of the binomial theorem, a new feries will be 
produced, which will give that root true to any number of places of de- 
cimals : but in the third and following terms of the feries A, the fra&ion 

— is fo fmall, that it may be omitted without caufing any error within the 

prefcribed number of places, and this will reduce the feries A, to the 
fecond feries above marked B, and the terms of it, multiplied according 
to the method of the binomial theorem, produce the third feries marked 
C, which therefore is the feries required. In it the firfl term is J, and 
the reft are formed by the following laws. 

ift, In the 2d, 3d, 4th, and following terms- are the feveral powers 
off, whofe indices are 1, 2, 3, &c. the natural numbers. 

2dly, The co-efficient or uncia of any term is — divided by the index of e 
in that fame term : for it is — divided by the denominator of the laft of the 

n J 

fra&ions in the feries B, that were multiplied together in order to pro- 
duce that term. 

3<31y, The two firfl terms of it are pofitive, becaufe the two firfl 
terms in B are pofitive : but the following terms are alternately nega- 
tive and pofitive ; becaufe the 3d and following terms of B being all 
negative, in the 3d and following terms of C there will be alternately an 
odd and even number of negative factors. 

And 



And that the omiffion of the fraction ~ in the third and following terms 

n 

of the feries A will not caufe any error within the prefcribed numbers 
of places of figures, will appear by confidering the value of the quan- 
tity that is thereby omitted in any term of the feries G : for it will 
appear for many reafons to be always lefs than — » the greateft poffible 
value of which is a decimal confiding of i precede^ by twice as many 
cyphers, except 3, as there are places in n ; and therefore the value- of 
all the omiflions in 100 terms will not amount to an unit in the Iaft 
of the prefcribed places. 

Lemma 2. 

<c The values of c and « continuing as before, it is required to find 
a like feries that fhall give the root of the refidual i— c true to the 
fame number of places." 

CD) 1. * X'C. ~-^+*c. —X-c. "-2-X -c. —X-e.SiC. 
(E)i- i * — — f -~e s -e* ~e 5 g 

K ' n zn 3« 4" 5* «C. 

In every term after the Iirft of the feries B change the fign of the 
quantity c y and there will rcfult the feries marked D, whofe terms, 
multiplied as before, produce the feries required, which is marked E. 
This feries differs from C only in this, that all the terms after the 
Iirft are negative : for in the fecond term of D, e is negative ; there- 
fore the fecond term of E (having one negative fa&or) is negative ; 
and in every fucceeding term of D, there are two negative faftors, 
whence in every following term of E, there will be an odd number 
of negative fa&ors, and therefore they will all be negative. 

Lemma 
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Lemma 3. 

" The values of e and n continuing as before, let m be any whole 
number Afferent from ii, but like it confifting of many places of 
figures; if out of the binomial or refidual 1 + e be extra&ed roots whofe 

indices are — and — , and if the roots be calculated true to numbers 
n m 

of places of decimals lefs by four or more than twice the numbers of 
places of figures in either n or my and laftly if from each root 
be fubtrafted unity, then will the remainders be to each other as the 

indices I and ' , or reciprocally as the denominators n and m" 

m 

For if 1 be fubtracted from the root whofe index is — , by the two pre- 

n 

ceding lemmas, the remainder will be+ — £- — f* "t~^ e% ~ ~n e * —~f„ eS 

&c. which is equal to — x +<? — — <? x + —e 3 - — e* + ~e* &c. and in 
1 n — 2-3 4—5 

like manner, if 1 be fubtra&ed from the root whofe index is — the remain- 
' m, 



5 
that thefe feries are to each other as — and — , or reciprocally as n and m* 



der will be — x +e- —e z + — <? 3 - — <?* + — e s he. and it is evident 

in, — 2—3 4—5 



Lemma 4. 

" The values of e and n continuing as before, if out of the quan- 
tity 1 I «a root is to be extracted whofe index is — ; and unity 

» 

being fubtra&ed from the root, if the remainder is to be multiplied 
by the denominator n j it is required to find the mod fimple feries that 
fhall give the produft true to a number of places of decimals, lefs by 
three or more than the number of places of figures in «." 

From what is faid in the firft and fecond lemmas it is plain that the 

feries required is + e - \ e * +3 « 3 - ' e 4 ~t r e % &c. the laws of whofe 

continuation 
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continuation are as follow : firfl, tlje indices of e in the feveral terms 
are the natural numbers in their order : fecondly, the numeral co-effi- 
cient of any term is i divided by the index of e in that term : and 
thirdly, when the quantity is i + e , the terms are alternately affirma- 
tive and negative ; but when it is i — <?, the terms are all negative. 

And that the omiffion of the fra&ion — in the third and fol- 

n 

lowing terms of the feries A (in Lemma i) will not caufe any error 
here, within the prcfcribed number of places, will appear by confider- 
ing the value of the quantity that is omitted in any term of the feries 

of this Lemma : for it appears to be always lefs than —, .the greatcfl 

poffiblc value of which is a decimal confiding of i preceded ;by as 
many cyphers except two as there are places of figures in n ; and there- 
fore the omifhons in ioo terms will not amount to an unit in the laft 
,of the prefcribed places. 

Note, That Doftor Halley has derived .the fubflance s of thefe lem- 
mas in a fhorter manner, from a fuppofition of n and m y the deno- 
minators of the indices, being infinite numbers. But as there may be 
Come difficulty in conceiving this, I have propofed as much of the doc- 
trine as was wanted here, without making that fuppofition. 

Art. \, JBy ratiuncula I underfland a ratio ,of inequality, but which 
is very near to a ratio of equality. Thus if r be a decimal frac- 
tion having many cyphers (as 10, 20, 50, 100) before the firfl figni- 
ficant figure, the ratio of .1 to .1 + ,r, .or of 1 to 1 — r may be called 
a ratiuncula. 

2. Logarithims arc the exponents (or numeral meafures) of ratios. 

3. Now ratios are meafured by the numbers of equal ratiuncula; of 
which they are compounded, or into which they may be fuppofed to 
be refolved. Thus, if between 1 and 10 be placed 999999999 mean 
proportionals, then will the ratio of jt to 10 be refolved into 1 000000000 
ratiuncula;, each equal to the ratio of 1 to the firfl or leafl of thofe 
paeans; and if of thefe means 301029995 (land between 1 and 2 

the 



the ratio of i to 2 will be refolved into 301029995 of thcfe ratiun- 
cula; ; and thefe numbers, 1000000000 and 301029995, will be the 
logarithms of the ratios of 1 to 10 and of 1 to 2, .as being the num- 
bers of equal ratiuncula; of which thefe ratios are compounded. 

4. But though thefe numbers be immediately and properly the lo- 
garithms of thefe ratios, they are not the only ones that can be ufed as 
fuch ; any two numbers (or indeed any two quantities of the fame kind) 
that have the fame ratio with them, may be made their logarithms. Thus, 
if there be any convenience in having 1 .for the logarithm of the ratio of 
1 to 10, and if 0,301029995 be to 1, as 301029995 is to 1000000000, 
then may 1 and 0,301029995 be made the logarithms of thofe ratios. 

5. If 1 be made the antecedent of any ratio, that" ratio may be re- 
folved into any number of equal ratiuncula;, ' by. cxtra&ing out of the 
confequent a root,, the dominator of whofe index is the number of rati- 
uncula; that is required. Thus, if it be required to. refolve the ratio of 

JL 

i to i-\-e into n ratiuncula;, the ratio of 1 to i+e will be the firft: of 
them;, and it is fufficient to .find one of them, each of the others being 
equal to it. 

6. Let now, e and y be any two numbers, of which e is the greater, 
and between , 1 and i. + e let a feries of mean proportionals be placed, 
whofe number is n — 1, the ratio of 1 to 1 + e will be refolved into n 
ratiuncula;; if of thefe means any number denoted by m ftands between 
1 and 1 +y, the ratio of 1 to 1 -\-y will be refolved into m ratiuncula;, 
each equal to one of the former ; and from what was faid above (art. 3.) 
the logarithms of the ratio's of 1 to 1 + e and of t to x +y will be as n 
and in. 



7. The firft of thefe mean proportionals is 1 -f- * , and if this quantity 
be involved : to a power whofe index is m, that power will be equal to 
i+y, (or fo near to it, that it may be ufed for it without any error,) 



that is 1 +*. -s 1 +y t and therefore 1 4- e — \-\-y. Suppofe now that 
Vol. IX. ( B ) ^ ^ 
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x 

put of i + y is extra&ed a root whofe index is £, that root will be i + y ; 



and Cnce (by lem. 3.) 1 +j-ri ,: i-fry — 1 : : n : m,.it follows that 

i+* -1 : i+y — 1 ::«:?«. But it was proved above (art. 6.) that 
the logarithms of the ratios of 1 to i+e and of 1 to i+y, are as a and thj 

JL 3. 

therefore thefe logarithms are as \-\-c -1 and 1+^ -1 $ that is, if out of 
two numbers both greater than 1 be extra&ed the fame root, the exceffes 
of thefe roots above 1 will be as the logarithms of the ratios that 1 has 

JL 

to thefe numbers: and therefore if one of thefe exceffes i+e -1 (or 
any.multiplc of it) be made the logarithm of the ratio of x.to i+e, the 



•n 



other excefs \-{-y — 1 (or. the fame multiple of it) muft be made the lo- 
garithm of the ratio of 1 to i-\-y. 

8. Now according to Neper's firft plan, as published in the Canon Mirificus, 
when he refolved any ratio (as of 1 to 1 +e) into a fufficient number of rati- 
unculac, or which is the liunc thing, when he had placed between 1 and i-f-tf 
a fufficient^ number, of mean proportionals/ he made the excefs of the firft, 
or lead of them above 1, to be the -logarithm of one of thefe ratiunculas : 

X 

thus, ifi+tf be the firft, or lcaft* of .the mean proportionals between 1 

X 

■ n 



and i+c, then he made i+c-i, to be the logarithm of the ratio of 



1 to i-\-e , or, as it is ufually called, the logarithm. of the number i-f* 9 

and then it will follow from the nature of logarithms, that nx*+e 7-1. will 
be the logarithm of the ratio of 1 to i+£, or of the number i+e ; , and hence 



j. 



again (by what was laid in art. 7.) it follows, that nXi-\-y -1 muft be 
4he logarithm of the ratio of 1 to i-\-y, or, of the number i-fy. 

9. Let 



II 
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9. Let now £ andy be proper fractions,- and (by lemma 4). nxi+e -i 

= *-£**+$#-— if*+i* s &c and alfo »xx+y -x =?y -3j" 1 +&"?-'-^+ 
fy' &c.j and thus by feries of this kind we can find Neper's logarithms of 
all mixed numbers between 1 and 2. 

10. In like manner, if the number whofeiogarithm is fought, be lefs than 
r, that is, if the ratio be that of 1 to i— e, having, placed a fufficieht 
number of 'mean proportionals between 1 and 1— e\ he fubtra&ed" 1 from 



1— e, the firft or g'reateft of them, and made'the remainder i—e -1 (which 
now becomes negative) to "be the logarithm of one'ratiunculaj and there- 

fore ii)ii—e -1 will : be the. logarithm' of the' ratib-'of t id i-^e, orof 



the number 1 — e\ and hence as before, »xi— y r 1 mu ^ be 'the loga- 
rithm' of the ratio of 1 to 1— y, or of the number i—y. But (by lemma 

A J, 

4) «xi — e -1 = -<?-"— l*?*-*-^'*— :£■?"--« f£ s &'c", and alfo* «xt— y -1 
= --y— «4y*— \y> — ^y*— -|y-*' &c;, and thereforei' by feries of this kind; 
we can find -the logarithms of all numbers lefs than. 1. 

11. Let now any two numbers be propofed, a the* leffer, and b the 
greater, the logarithm of whofe ratio is required" .We muft firft find 
a ratio- whofe antecedent' is 1, and which fhalF be equal to* 'the' ratio of 
a to b : this is done' by finding, the value of e in the following analogy* 
a: b : : 1 : i+e; which being changed into an equation, becomes a+ae 

= b, whence ae =: h — a, and therefore e — — : and if e be a proper frac- 

tioh, we, may then find the • hyperbolic logarithm' of the ratio of i tb.r+<?, 
which> (by.art. 9.)] appears to be e— 3& 3 +^- i -^ + +t*? s &c.;-and fince- 
equal ratios have the fame' logarithm,, that- feries!' will<alfo' be the loga*- 1 
rithni of the ratio*of #ito b. 

12. And< if the ratio* be that of b to' a,, we muft ftuT firid an equal 
ratio* whofe antecedent is i, which is done' by- finding' the value of e ia 

( B 2 ) this 



la- 
this analogy b : a : : i :i— e, which gives this equation b- be=a, whence 
be—b — a, and e= -7-* here e muft neceffarily be a proper fraction, and 

the logarithm of the ratio of 1 to 1 — e (by art. 10.) is -e — \e x — $e % 
— - ie* — ie s &o, which is therefore the logarithm alfo of the ratio of b 
to a. 

13. From art. 11, we may obferve that when the given ratio is 
afcending, or of leffer inequality, the value of e is the difference of the 
given terms divided by the leffer of them : and from art. 12, that when 
the given ratio is defcending, or of greater inequality, the value of e is 
the difference of the fame terms divided by the greater. 

14. Either of the above feries might be fufScientfor finding all loga- 
rithms; but by joining the two together a third feries refults, much more 
convenient for the purpofe, as it converges twice as. fall as either of 
them j the method of doing it (which muft be carefully attended to) is 
as follows. 

15. Between a and b s the terms of the given ratio, place p an arithme- 
tical mean j the whole ratio of a to b is thereby refolved into two, that 
of a to p, and of p to b : invert the former, and it becomes the ratio of 

p to a ; and if we make 1 : 1 — e I : p : a> then (by art. 13) will e=£f y 

and the logarithm of' the ratio of 1 to 1 — e, or of p to a, is the feries 
-e— \e* — $e s — %e* — J ,<? 5 &c. by art. 10. 

16. Again, if we make 1 : i+e : : p : b, e will be b£ by art. 13, but, 

fince * is an arithmetical mean between a and b, -^ = t? ; therefore e 

has the fame value as in the laft article ; and the logarithm of the ratio of 
1 to i+*, oroip to b, ise—^e t +^e % —ie*+ x s e s &c. by'art. 9. 

17. In art. 15, the logarithm of the ratio of p to a was found to be 
—e—^e* — y — %e* — J t e s -Scc. Invert this ratio again, and it becomes 
the ratio of a top, and its logarithm is the fame as before, only its fign 
is changed : that is, the logarithm of the ratio of a to p is the feries 
*+5**+i* 3 +i<?*+i* 5 &c, and by art. 16, the logarithm of the -ratio 
of p to b is e— 3**-H* 3 — &*+&' &c., and therefore the logarithm, 
of the compound ratio, or of a to b, is the fum of thefe two feries, which. 

is 2e+aXU 3 -{-2XW &c, or 2XH4* 3 +i<? &ci 

18. In 
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18. In art. 15 e was found to be ^~, and in art. 18 e was found 

to be tt-, and it was there obferved, that^~ = -j^ becaufe £ is an arith- 

metical mean between a and b; from which it alfo follows that either nu- 
merator, p-a or b-py is equal to ib-ia, and alfo that the common deno- 

i£ z_ a 

minator * is equal to ib+ia, therefore e is always equal to ■—— ,or 



to t— 5 tnat ' s j ^ value of e is always a fraction whofe numerator is 

the difference of the terms of the given ratio, and whofe denominator is 
their fum : and the logarithm of the ratio is the double of a feries formed 
by the following laws: ift. the feveral terms of the feries contain the 
powers of that ffa&ion or quantity whofe indices are the odd numbers j 
2dly, every term is divided by the- index, of the power of the quantity 
e in it ; and 3dJy, the terms are all affirmative, when the ratio is that 
of a to b, or attending ; but would all be negative if the ratio were that 
of b to a, or defcending. And. by thefe feries may be found the logarithms 
that are called Neper's Logarithms, and , fometimes the Natural Loga- 
rithms, but moll ufually the Hyperbolic Logarithms of Numbers or 
Ratios. 

This is Doftor Halley's method, as far as it relates to logarithms in 
general. But it may be neceffary to add fome obfervations upon it, and 
particularly to affign the reafons of the feveral operations where thefe rea- 
fons are not fufficiently obvious of themfelves. 

1. 1 have throughout fuppofed that the logarithms of an afcending ratio 
(or of leffer inequality) is affimative, and that - the logarithm of a defcend- 
ing ratio (or of greater inequality) is negative ; but this is a matter in 
its own nature abfolutely indifferent : the ^logarithms, of a ratio of either 
inequality may be made affirmative ; but then the logarithms of ratios of 
the other inequality muft be negative, and reciprocal ratios muff have 
logarithms equal in quantity, but with unlike figns. 

2. In art. 1 1 and 1 2, 1 have fuppofed every ratio to be fo reduced, as 
that its antecedent may be 1. I might have reduced them fo as to 
make 1 the confequent of each. But the neceffity of one or other 
will appear from hence, that the logarithms of ratios are found by in- 
ferring 
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ferting fufficient numbers of mean proportionals between their terms : 
for' if between two' numbers, a 'and b, it be required td'infert a feries 
of mean proportionals whofe number is »z,-the firfl: of them will be 

^7> m +i, and the laft will be^"^<"-j-i ; in each cafe one of the given 
terms mufl be involved to a power whofe index is the number of 
means required ; and this, we may fafely fay, would be impracticable in 
the prefent cafe, if that term be different from i, on account of the 
greatnefs of the number m : but if that term be i, this trouble is 
wholly avoided, every power of i being ftill i. 

Again, the other term of every ratio is propofed under this form 

i it e\ that is : as a binomial or refidual of which the firfl member is 
i ; the reafon of which will appear from this, that if the'to th power 

of a binomial or refidual «' + b, be to be found by the binomial 
theorem, the firfl, fecond, third, and following terms of the feries 
will contain the powers of a whofe'. indices are m, /a- i, m - i &c. 
that is a^ will be the firft term, «*-'*' will be one factor" of the fecond 
term, a" 1 -* one of 1 the third' term, and'fo on; arid if (in the cafe of 
calculating logarithms) a be different from i, it may fafely be pronounced 
impracticable to find thofe powers of a : s whereas if a be made equal 
tor, all' that trouble vanifh'es, every power of i being ftill i. 

And laflly, e, the fecond member of the binomial- or refidual, is fup- 
pofed to. be a proper fraction ; for othcrwifc the feries of art. 9, would 
either perpetually diverge, or after converging flowly for fome time, 
Would afterwards diverge; or laflly, would converge perpetually, but fo 
flowly as to be totally ufelefs: but we need not infifl further upon 
thofe particulars, becaufe in the feries' of art. 17, which is the only 
one that' we can ever have occafion to reduce to" numbers, the quan- 
tity e muft always' be a proper . fraction, its numerator being the 
difference, and its denorninator the fuiri' of the terms of the given 
ratio. Some ufeful cautions however may be given, relating to' that 
fraction) as that it is convenient to have 1 for its numerator; for each 

fncceeding' 
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fucceeding term of the feries is to be derived from the preceding, and 
if its numerator be not i, there will be a neceffity of both multiply- 
ing and dividing j whereas by making its numerator i, the multipli- 
cation Is avoided. And for this reafon, if a ratio be propofed whofe 
terms will not immediately give a fraction of this kind, it is to. be re- 
folved into others, in each of which the difference of the terms is either 
i, or a meafure of their futn. Thus, if the logarithm of the ratio 
of 5 to 8, were required, from what has hitherto been explained, the 
quantity e would be -^ ; but, inftead of immediately finding that loga- 
rithm, the ratio is to be refolved, either into the ratios of 5 to 6. and 
of 6 to 8 and then the fractions become Vt an d f ; or into the ratios 
of 5 to 7 and of 7 to 8, and then the fractions become £ and & ; 
or laftlyinto the ratios of 5 to 6, and of 6 to 7, and of .7 to 8, and 
the fractions become -jif, tj, and f- s : and the logarithms of any of thefe 
fets of ratios being found, their fum will be the logarithm of the ratio 
of 5 to 8. 

There is alfo frequently another reafon for refolving the ratio firft 
propofed, into others j and that is in order, to diminifli the fraction 
e ; for as it is diminifhed, the feries converges the fatter, and, it may, 
frequently be eligible to find two or three or more logarithms by fe- 
ries that converge raft, rather than one by a feries that converges 
flowly. 

3. In- art. 15, by adding two feries together, a third feries refults 
more fimple than either of them. The feveral fteps, by which this is 
effected, are now to be explained. 

After the given ratio is refolved into two, it is ordered that one 
(and one only) of thefe ratios be inverted ; for if neither of them, or 
both, were inverted, they would ftill be, either both afcending, or both 
defcending; and, in either cafe, the two feries produced would have their 
correfpondent terms (i. e. terms that involve the fame power, of the 
literal quantity e) affected by like figns, and therefore no term would 
vanifh by addition. Whereas by inverting one ratio only, .one feries 
has all its terras affected by the fame fign, and the other has its terms 

alternately 
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alternately affirmative and negative j and therefore the two feries have 
their alternate correfpondent terms affected by unlike figns ; thefe terms 
therefore may vanifli by addition. But in order to this, it is alfo ne- 
ceffary that the quantities (both numeral and literal) of thefe terms 
mould be the fame. Now the numeral quantity, or coefficient, muft be 
the fame in correfpondent terms of thefe feries, becaufe each is i 
divided by the index of the literal quantity e in that term ; it only 
remains therefore that care be take" to have the quantity e of the 
fame value in both feries j and this is done by providing that both 
its numerator and denominator be the fame : and that its numerator is 
the fame, follows from p, the quantity inferted between a and b, being 
an arithmetical mean between them ; for p-a and b - p are the nu- 
merators j and that the denominator is the fame, follows from its being 
the firft of the two ratios that is inverted, for p, the quantity inferted, 
muft always be the denominator of both fractions. This appears, when 
the given ratio is afcending, from what was faid in art. 15 and 16 : 
and if the given ratio had been defcending, as of b to a, ftill it is 
to be refolved into the ratios of b to p and of p to a ; and if the 
firft of them be inverted, it becomes the ratio of p to b, or afcend- 
ing, and therefore by art. 13, ^ will be the denominator of the frac- 
tion : and the other ratio, that of p to a, being ftill defcending, by 
art. 13, p will be .the denominator of the fraction here alfo ; and thus 
the fecond terms of the two feries, and the alternate terms from 
them, being compofed of the fame quantities, both literal and numeral, 
and having unlike figns, they will entirely vanifh when the feries are 
added together. 

It may be proper here to obferve, that the two rules, (that for 
making j>, the inferted term, an arithmetic mean between a and b j and 
that for inverting the former of the two ratios,) become neceffary to- 
gether; that is, they are fo connected together, as that when either is 
obferved, the other muft be obferved alfo. But we may neglect both 
thefe rules, and yet arrive at the fame conclufion, by the following 
rules : divide the difference of the given terms into two parts propor- 
tional 



x 7 

tional to thefc terms, and to the leffer terra add the leffer of thefe 
parts, and make that fum the intermediate term, and then invert the 
latter of the two ratios. But fince this method has no advantage over 
the other, and fince the proof of it is not fo obvious, Do&or Halley 
juftly paffed it over in filence. 

The do&rine delivered in art. 7. may perhaps become clearer by 
being divided into feveral propofitions, as follows. 

Prop. i. 

The logarithms of two different powers of the fame number 
are to each other as the indices of the powers. 

For the logarithms of thefe powers are the products of the logarithm 
of the root into the refpe&ive indices j and therefore are to each other 
as the indices. 

Prop. 2 

If out of two numbers be extra&ed roots, whofe indices are 
fuch that the roots themfelves may be equal, the logarithms 
of thofe numbers will be to each other as the denominators 
of the indices of the roots. 

For if the common root be raifed to a power, whofe index is the 
greater denominator, that power will be the greater number; and if 
the fame root be raifed to a power whofe index is the leffer denominator, 
that power will be the leffer number ; and therefore (by the preced- 
ing prop.) the logarithms of the numbers will be as the denominators. 

Prop. 3. 

If out of a number, which ftands between 1 and 2, be ex- 
tracted different roots, the denominators of whofe indices are 
Vol. IX. ( C ) numbers 
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numbers confuting of many places of figures, the exceffes of 
thefe roots above unity will be to each other as the indices 
of the roots, or reciprocally as the denominators of the indices | 
provided that the roots be calculated only to a number of places 
of figures lefs by a or 3 than twice the number of places in 
the leffer denominator. 

This propofition is the fame with lemma 3, and has been proved before, 

Prop. 4, 

If out of two numbers, both (landing between 1 and 2, be ex- 
tracted roots, whofe indices arc the fame, and of which the 
denominator is fufiicicntly great, the exceffes of the roots above 
unity will be to each other as the logarithms of the numbers 
themfclves. 

For fuppofe ift, that roots are extracted out of the numbers whofe in- 
dices are fuch that the roots themfelves may be equal ; then (by prop. 
2d) the logarithm of the greater number will be to the logarithm of 
the leffer as the greater denominator is to the leffer. Suppofe 2dly, 
that out of the leffer number another root is extracted, whofe index 
is the fame with the index of the root extracted out of the greater 
number j there arc now extracted out of the leffer number two diffe- 
rent roots, and (by prop. 3.) the exceffes of the greater and leffer of 
thefe roots above unity will be to each other as the greater and leffer 
denominator ; that is (as was proved above) as the logarithms of the 
greater and leffer number. But the greater of thefe roots is equal (by 
fuppofition) to the root extracted out of the greater number ; therefore 
the exceffes above unity of the roots extracted out of the greater and 
leffer number when the index is the fame, are to each other as the 
logarithms of the numbers themfelves. 

The fame argument in fymbols is in the next page. 

Let 
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Let e and y be proper fra&ions of which e is the greater ; then 
will x + e,be the greater number, and i -\- y the leffer: alfo let » be 
the greater denominator, and m the leffer : 



By fuppo- 

fition 

By prop. 
2nd. 

By lem- 
ma 3d. 
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